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THE PROBLEM



Temperature-composition phase diagrams 

3



Humans can draw simple diagrams
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Ternary diagram

Binary diagram



HUMANS ONLY



The Gibbs rule

J. W. Gibbs, On the Equilibrium of Heterogeneous Substances, in Transactions of the Connecticut Academy of Arts and 
Sciences (1875-1878).
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Josiah Willard Gibbs 
(1839-1903)
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At thermodynamic equilibrium, the chemical potential of 

each component A, B, C é must be the same in all 

phases Ŭ, ɓ, ɔé



Calculating equilibrium binary phase diagrams

M. I. Baskes, K. Muralidharan, M. Stan, S. M. Valone, and F. J. Cherne, JOM, 55 (2003) 41-50. 7
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Phase diagram

Free energy of components A, B, C é 

in phases Ŭ, ɓ, ɔé

Chemical potentials

PT

B
x

xPTG
xxPTGxPT

,

),,(
)1(),,(),,( ù

ú

ø
é
ê

è

µ

µ
-+=

a
aam

Thermodynamic equilibrium 

(Gibbsô rule)
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The Hf-O Phase Diagram
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HUMANS AND MACHINES



Solid (A11) 

M.I. Baskes et al., Phys. Rev. B, 66 (2002) 104

Liquid Liquid 

Melting via Molecular Dynamics
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Predicting the equilibrium phase diagrams from atomistic simulations

1M. I. Baskes, K. Muralidharan, M. Stan, S. M. Valone, and F. J. Cherne, JOM, 55 (2003) 41-50.
2M. I. Baskesand M. Stan, Metall. Mater. Trans. 34A  (2003) 435-39
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Phase diagram

Free energy of components A, B, C é 

in phases Ŭ, ɓ, ɔéby thermal integration1,2

Chemical potentials by 

composition derivation
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LEARNING MACHINES



The Bayesian Method1

1Philosophical Transactions of London, 53 (1763) 370   (free on Google Books).
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Take a guess Acquire info Improve model
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Reverend Thomas Bayes 
(1702-1761)That is how Humans and Machines learn



Bayesian Polynomial Regression
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Bayes Rule:

ὴἿἦȟἼᶿὴἼἦȟἿὴἿ

predictive distribution:

ὴÔὀȟἦȟἼ ὴÔὀȟἿ ὴἿἦȟἼὨἿ

posterior likelihood prior

likelihood posterior

deg: 1

deg: 2

N. Paulson et al.

Ἷ samples using MCMC (Metropolis-Hastings algorithm)



Uncertainty Quantification of Phase Diagrams
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ω Uncertainty in fuel thermo-mechanical 
properties is often >10%

ω Uncertainty of chemical properties (free 
energy) can be 10-15 %

Example:

ω Uncertainty quantification the UO2-PuO2
phase diagram*. ɲT = ±50K, ɻ c = 5%

ω Bayesian analysis of 15 data sets (melting 
temperatures , transformation 
ŜƴǘƘŀƭǇƛŜǎΣ ΧύΦ

ω Optimization via a genetic algorithm.
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Bayesian Analysis

M. Stan and B. Reardon, CALPHAD 27 (2003) 319
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Evolutionary (Genetic) Algorithms
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Uncertainty of Hf-O Lattice Parameters



19

Thermodynamics of Hf-O1

1D. Shin, R. Arroyave, Z.K. Liu, CALPHAD, 30 (2006) 375-386



Uncertainty of the Hf-O Phase Diagram
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THERMODYNAMIC DATA




